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Under onditions of Levinson-Smith we prove the existene of a τ -periodi solution
for the perturbed generalized Liénard equation




with periodi foring term.









In partiular, our method an be applied to the equation




Finally, these results will be illustrated by some numerial exemples.
Keywords : perturbed systems, Liénard equation, periodi solution




u′′ + ϕ(u)u′ + ψ(u) = 0 (1)
where u′ = du
dt
, u′′ = d
2u
dt2
, ϕ and ψ are C1. Existene problem of periodi solution of period
τ0 was the purpose's study of many authors. M.Farkas seleted some typial works on this
subjet see [3℄, where the Poinaré-Bendixson theory plays a ruial role.
In general, a periodi perturbation of the Liénard equation does not possess a periodi
solution as desribed the Moser example, [1℄.
Let us onsider the perturbed Liénard equation of the form
u′′ + ϕ(u)u′ + ψ(u) = ǫω(
t
τ
, u, u′) (2)
where ω is a controllably periodic perturbation in the Farkas sense, i.e. it is periodi with
a period τ whih an be hoosen appropriately. The existene of a non trivial periodi
solution for (2) was studied by Chouikha [1℄. Under very mild onditions it is proved that
to eah small enough amplitude of the perturbation there belongs a one parameter family
of periods τ suh that the perturbed system has a unique periodi solution with this period.
Let us onsider now the following generalized Liénard equation that is "a more realisti
assumption in modelling many real world phenomena" ( [3℄ page 105)
u′′ + ϕ(u, u′)u′ + ψ(u) = 0. (3)
Where ϕ and ψ are C1 and satisfy some assumptions that will be speied below.
The leading work of investigation for the existene of periodi solution of generalized Lié-
nard systems was established by Levinson-Smith [4℄.
Let us dene onditions CLS .
Denition The funtions ϕ and ψ satisfy CLS if :
xψ(x) > 0 for |x| > 0.∫ x
0
ψ(s)ds = Ψ(x) and limx→+∞Ψ(x) = +∞, ϕ(0, 0) < 0.
Moreover, there exist some numbers 0 < x0 < x1 and M > 0 suh that :
ϕ(x, y) ≥ 0 for |x| ≥ x0




ϕ(x, y(x))dx ≥ 10Mx0
for every dereasing funtion y(x) > 0.
2
Proposition 1. (Levinson-Smith)
When the funtions ϕ and ψ are of lass C1 and satisfy CLS then the generalized Lienard
equation (3) has at least one non-onstant τ0-periodi solution.
A non trivial solution will be denoted u0(t), and its period τ0. This proposition has
many improvements (under weaker hypotheses) due to Zheng-Zuo-Huan, N.Wax-P.J. Ponzo
among other authors, [3℄.
Our paper is organized as follows.
At rst, we prove the existene of a periodi solution for the perturbed generalized Liénard
equation
u′′ + ϕ(u, u′)u′ + ψ(u) = ǫω(
t
τ
, u, u′), (4)
Where t, ǫ, τ ∈ R are suh that |τ − τ0| < τ1 < τ0, |ǫ| < ǫ0 with ǫ0 ∈ R suient small
and τ1 is a xed real salar. We will use the Farkas method whih itself was eetive for
perturbed Liénard equation.








, u, u′), (5)
with s ∈ N and pk are C
1
funtions, ∀k ≤ 2s+ 1.
In the seond part of the setion, using a result of De Castro ([2℄) we will prove uniqueness
of a periodi solution for the equation
u′′ + [u2 + (u+ u′)2 − 1]u′ + u = 0. (6)
Suient ondition of the existene of periodi solution for the equation
u′′ + [u2 + (u+ u′)2 − 1]u′ + u = ǫω(
t
τ
, u, u′). (7)
will be found. At the end of the paper, some phase plane exemples are given in order to
illustrate the above results. In partiular, we desribe uniqueness of a solution for equation
(6) and the existene of a solution of equation (7) for ω( t
τ
, u, u′) = (sin 2t) u′.
2 Periodi solution of perturbed generalized Lienard equa-
tion
In this part of this paper we will deal with the proof of existene of periodi solution of the
pertubed generalized Lienard equation(4) suh that the unperturbed one (3) has at least
one periodi solution.
3
The method of proof that we will employ was desribed in [1℄ and [3℄.
Consider the equation (3)
u′′ + ϕ(u, u′)u′ + ψ(u) = 0.
We assume that ϕ and ψ are C1 and satisfy CLS, then by Proposition 1 there exists at
least a non trivial periodi solution denoted u0(t).
Let the least positive period of the solution u0(t) be denoted by τ0 and U an open subset of R
2
ontaining (0, 0).
These notations will be used in the sequel of the paper.
Theorem 1. Let ϕ and ψ be C1 and satisfy CLS.
Suppose 1 is a simple harateristi multiplier of the variational system assoiated to (3).
Then there are two real funtions τ, h dened on U ⊂ R2 and onstants τ1 < τ0 suh that
the periodi solution ν(t, α, a+ h(ǫ, α), ǫ, τ(ǫ, α)) of the equation




exists for (ǫ, α) ∈ U , |τ − τ0| < τ1, τ(0, 0) = τ0 and h(0, 0) = 0.
We point out that the harateristi multipliers are the eigenvalues of the harateristi
matrix whih is the fundamental matrix in the time τ0.
Proof of Theorem 1:




and note x = col(x1, x2) = col(u
′, u).
The plane equivalent system of (3) is:
x′ = f(x)⇐⇒
{




f(x) = col(−ϕ(x2, x1)x1 − ψ(x2), x1).













Without loss of generality, we take the initial onditions














Notie that q′(t) = col(−ϕ(u0(t), u0
′(t))u0
′(t) − ψ(u0(t), u0
′(t)) is the rst solution of
the variational system. Now we alulate the seond one, denoted ŷ(t) = col(ŷ1(t), ŷ2(t))




























































As det(Φ(0)) = 1, we dedue the harateristi multipliers assoited to (9):





′(ρ) + ϕ(u0(ρ), u0
′(ρ)))dρ].
From [3℄, we have :











0 ρ2 − 1
)
,
sine 1 is a simple harateristi multiplier (ρ2 6= 1),
detJ(0, 0, 0, τ0) 6= 0.
We dene the periodiity ondition
z(α, h, ǫ, τ) := ν(α + τ, a+ h, ǫ, τ)− (a + h) = 0 (10)
By the Impliit Funtion Theorem there are ǫ0 > 0 and α0 > 0 and uniquely determined
funtions τ and h dened on U = {(α, ǫ) ∈ R2 : |ǫ| < ǫ0, |α| < α0} suh that : τ, h ∈ C
1,
τ(0, 0) = T0, h(0, 0) = 0 and z(α, h, ǫ, τ) ≡ 0. Sine (10), the periodi solution of (4) is
with the period τ(ǫ, α) near T0 and with path near the path of the unperturbed solution.

In partiular if ρ2 < 1, the periodi solution is orbitally asymptotially stable i.e. stable
in the Liapunov sense and it is attrative see ([3℄ page 346).
Thus, the following inequality is a riteria of the existene of orbital asymptotial stable






′(ρ) + ϕ(u0(ρ), u0
′(ρ)))dρ > 0. (11)
Using Proposition 1, we onlude the existene of non trivial periodi solution for
perturbed generalized Liénard equation.
3 Results on the periodi solutions
3.1 Speial ase





′k = 0. (12)
Let pk be C
1
funtion, ∀k ≤ 2s+ 1 for s ∈ N.


























has an odd index.
Then it is neessary to have the element x0 6= 0 in the CLS onditions.
Theorem 2. Let ϕ and ψ be C1 and satisfy CLS. If 1 is a simple harateristi multiplier
of the variational system assoiated to (12) then there are two funtions τ, h : U −→ R










exists for (ǫ, α) ∈ U with |τ − τ0| < τ1, τ(0, 0) = τ0 and h(0, 0) = 0.
Proof of Theorem 2:
We will use the same method and we will proeed as previously in the existene theorem
of non-trivial periodi solution of the perturbed system.
Consider the unperturbed equation to ompute some useful elements. First we assume



















Let q(t) = col(u′0(t), u0(t)) the periodi solution of (13).
The variational system assoiated to (13) is
y′ = f ′x(q(t))y
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We assume the initial values :
t = 0, u0(0) = a < 0 and u0
′(0) = 0.
Then q(0) = col(0, a) and q′(0) = col(−ψ(a), 0).
By the same way as the previous setion we ompute the fundamental matrix assoi-
ated to(13) denoted Φ(t). Determine the seond vetor solution (linearly independent with
q′(t) = y(t)).
A trivial alulation desribed in [1℄ and [3℄ gives us the seond solution denoted ŷ(t),
hene Φ(t) = ( y(t)
y(0)



















































Hene the fundamental matrix assoiated to our variational system is
Φ(t) =




























By the Liouville's formula, we have the harateristi multipliers ρ1 = 1 and

























)dτ > 0 (14)








3.2 Uniqueness of the periodi solution for an unperturbed equa-
tion
Let us onsider now equation (6)
u′′ + [u2 + (u+ u′)2 − 1]u′ + u = 0.
That is a speial ase of generalized Liénard equation with
ϕ(u, u′) = (u2 + (u′ + u)2 − 1) and ψ(u) = u.
We will prove existene and uniqueness of non trivial periodi solution for equation (6).
Existene will be insured by CLS onditions and for proving uniqueness we use a De Cas-
tro's result [5℄ (see also [2℄).
Proposition 2. (De Castro) Suppose the following system has at least one periodi orbit{
y′ = −ϕ(x, y)y − ψ(x)
x′ = y.
Then under the two assumptions,
a) ψ(x) = x;
b) ϕ(x, y) inreases, when |x| or |y| or the both inrease
this periodi orbit is unique.
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p0(u) = ψ(u) = u, p1(u) = 2u





u′′ + ϕ(u, u′)u′ + ψ(u) = 0,
ϕ(u, u′) = (u2 + (u′ + u)2 − 1) and ψ(u) = u.
(16)
Clearly, the assumptions of Proposition 2 are satied. In the following, we rstly verify
onditions CLS onditions.
In that ase the equation
u′′ + ϕ(u, u′)u′ + ψ(u) = 0
has at least a non trivial periodi solution.
It is easy to see that ψ(u) = u satises
xψ(x) > 0 for |x| > 0∫ x
0
ψ(s)ds = Ψ(x) and limx→+∞Ψ(x) = +∞
Now we have ϕ(0, 0) = −1 < 0.
By taking x0 = 1,M = 1 we have
ϕ(x, y) ≥ 0 for |x| ≥ x0
ϕ(x, y) ≥ −M for |x| ≤ x0











[2x2 + 2xy + y2 − 1]dx = [
2
3
x3 + x2y + x(y2 − 1)]x11
= (x1 − 1)(
x1








) + (y2 − 1))
= (x1 − 1)(
x1









> x0 = 1 and using the inequality
ϕ(x, y) ≥ 0 for |x| ≥ x0















ϕ(x, y) dx ≥ 10Mx0,
for every dereasing funtion y(x) > 0.

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3.3 Existene of periodi solution for perturbed equation satisfy-
ing CLS
In the following we are dealing with the existene of periodi solution for the equation (7).
We assume the initial values :
t = 0, u0(0) = a < 0 and u0
′(0) = 0.
Theorem 3. Suppose 1 is a simple harateristi multiplier of the variational system
assoiated to (6). Then there are two funtions τ, h : U −→ R and onstants τ1 < τ0 suh









exists for (ǫ, α) ∈ U with |τ − τ0| < τ1, τ(0, 0) = τ0 and h(0, 0) = 0.
Proof of Theorem 3:
We proeed similarly as in the proof of Theorem 2. We substitute the fundamental matrix,























− 1]dτ > 0.
It insures that 1 is a simple harateristi multiplier of the variational system assoiated
to (6) it implies J(τ0) 6= 0. Then a periodi solution for the perturbed equation (7) exists.

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Using Silab we will desribe the phase plane of equation (6) u′′+[u2+(u+u′)2−1]u′+u =
0. We take x0 = u0(0) = a = −0.7548829 , y0 = u0
′(0) = 0 and the step time of integration
(step = .0001).
Reall that the periodi orbit is unique.






















Fig(A)- The unique periodi orbit for the equation u′′ + [u2 + (u + u′)2 − 1]u′ + u = 0.
Fig(B)- Zoom on the periodi orbit (×20).
We take ǫω( t
τ
, u, u′) = ǫsin(2t)u′. Some illustrations of the phase portrait for the
perturbed equation (7), those an explain existene of a bound ǫ0, from whih periodi-
ity of the orbit will be not insured. In order to loalise ǫ0, we have taken several values of ǫ.


























Fig(D)- Zoom on the periodi orbit (×20).
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Fig(E)- The orbit for the equation u′′ + [u2 + (u+ u′)2 − 1]u′ + u = ǫω( t
τ
, u, u′), ǫ = 0.01.
Fig(F)- Zoom on the orbit (×10) and loss of periodiity.
We see that from the range of ǫ = 0.01 the orbit loses the periodiity.
For some values of ǫ, we have omputed the period .
ǫ 0 1/1000 1/900 1/800 1/700 1/600 1/500 1/400 1/300 1/200
τ 5.4296 5.4287 5.4286 5.4285 5.4283 5.4281 5.4278 5.4274 5.4267 5.4252
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